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Introduction
The geomagnetic field is generated through dynamo action operating in Earth's liquid outer core, where convection is driven by thermal and compositional buoyancy forces as Earth slowly cools and the inner core solidifies. Archeomagnetic and paleomagnetic data demonstrate that Earth's field is axially-dipolar dominated on long timescales and exhibits variability on various timescales including westward drift, excursions and aperiodic reversals. Numerical simulations of dynamo action are used to investigate the mechanism responsible for generating Earth's magnetic field. Comparing the results of these simulations to observations of the present and past geomagnetic field provides vital information on processes occurring in Earth's deep interior. Geodynamo models aim to reproduce the salient features of the geomagnetic field including the dipole dominance, spatial power spectrum and temporal characteristics of the variability. Researchers have proposed quantitative criteria for determining whether a simulated field is "Earth-like" and determined regions of parameter space where such fields occur [Christensen et al., 2010; . Models in this parameter space are believed to provide the best insights into Earth's dynamo processes. 
where r is radius, θ is co-latitude, φ is longitude, r e is the radius of Earth's surface, g Here we investigate whether a stably stratified layer at the top of Earth's core could be that ingredient. The presence of such a layer has long been proposed based on evidence from seismology [Tanaka & Hamaguchi , 1993] and geomagnetic secular variation [Braginsky, 1993 [Braginsky, , 1999 . However, there is disagreement on the thickness and stability of this layer; properties which depend on the stable layer's origins. Recent seismological evidence suggests the layer may be over 300 km thick [Tang et al., 2015; Kaneshima, 2018] ) whereas secular variation studies suggest a thickness between 60−140 km [Gubbins, 2007; Buffett, 2014] ). Proposed origins for such a layer include a sub-adiabatic temperature gradient in the upper core due to its high thermal conductivity, producing a stable layer with thickness that may range from ∼ 100 km [Lister & Buffett, 1998 ] to ∼ 740 km [Gubbins et al., 2015] ; compositional layering due to light element expulsion from inner core crystallization, resulting in a ∼ 250 km thick layer [Helffrich, 2013] ; barodiffusion in the core, with a ∼ 100 km thick layer [Gubbins & Davies, 2012] ; or a relic of merging cores from giant impacts early in Earth's history, with a ∼ 300 km thick layer [Landeau et al., 2016] .
In this study we use numerical dynamo simulations to evaluate the effects of a stably stratified layer at the top of Earth's outer core on the resulting geomagnetic octupole.
Details of the numerical methods can be found in Section 2, results in Section 3, discussions in Section 4, and conclusions in Section 5.
Numerical Methods
We use the numerical dynamo model mMoSST [Jiang & Kuang, 2008] to solve the coupled equations governing dynamo action in a fluid, electrically conducting, rotating outer core surrounding a solid, electrically conducting inner core. This model has been shown to reproduce benchmark results [Christensen et al., 2001] . Further details on the relevant dynamo equations, non-dimensional parameters and the numerical method can be found in Kuang & Bloxham [1999] and Jiang & Kuang [2008] . We additionally implement a stably stratified layer at the top of the core, where the layer stability is maintained through the background co-density gradient, in a similar manner as previous dynamo studies [e.g. Stanley & Bloxham, 2004; Stanley & Mohammadi , 2008; Christensen & Wicht, 2008] . Further details on the non-dimensional parameters, model equations and implementation of stratification can be found in the supplementary material.
Due to numerical constraints, dynamo simulations cannot operate with realistic Earthlike parameters. However, scaling laws can be used to determine combinations of computationally attainable parameters that can produce dynamo generation with Earth-like characteristics. Christensen et al. [2010] proposed conditions for an Earth-like dynamo model by defining quantitative criteria evaluating the level of agreement of the output from a numerical simulation with observed properties of the geomagnetic field morphology. We adopt their χ 2 criterion, which is composed of four separate quantities, to evaluate the performance of our models. These four quantities are: (1) the ratio of the power in the axial dipole component to the power in the rest of the magnetic field, (2) the ratio of the power in the equatorially antisymmetric and symmetric magnetic field, (3) the ratio of the power in zonal and non-zonal non-dipole magnetic field, and (4) the concentration factor of magnetic flux at the core surface.
For this study, we consider model C1-4* from , which satisfies the χ 2 criterion but does not reproduce the observed g Table 1 . We use the Boussinesq approximation and apply co-density boundary conditions of fixed buoyancy at the inner core boundary (ICB) and fixed buoyancy flux at the core mantle boundary (CMB); no-slip boundary conditions on the velocity field; and magnetic field boundary conditions at the ICB for a finite electrically conducting inner core with equal conductivity to the outer core and at the CMB for an insulating mantle. We use finite differencing in the radial direction with 58 Chebyshev collocation points. Each spherical shell is resolved in latitude and longitude using spherical harmonics with maximum degree and order l max = 31, m max = 23. Our models are resolved. For example, simulations with l max = 50, m max = 41 and 78 radial points produce similar power spectra from degree 1 to 31 and the power in the highest degree l max = 50 is 12 orders of magnitude smaller than the power in the lower degree l max = 31. 3 Results Figure 2 shows the g 0 3 /g 0 1 ratio averaged over 10, 000 years for our models. Although we ran our simulations for longer than 10,000 years, we chosen a random 10,000 year window in our simulations to present results here and confirmed that other randomly-chosen 10,000-yr windows produced similar results. The historical g To determine which of our models can reproduce the most Earth-like characteristics, we first exclude models that don't produce the historical g We also investigated the zonal quadrupole to dipole (g 0 2 /g 0 1 ) ratio in our simulations ( Figure S1 , S2). A standard Earth-like model without a stable layer is able to reproduce the historic values for this ratio and the addition of a stable layer in our models did not affect the ratio. Our results are therefore also consistent with observations for the quadrupolar field, although this wasn't an issue for the standard model to begin with. The lack of dependence of the zonal quadrupole on the presence of a stable layer may be due to the fact that the zonal quadrupole belongs to a different dynamo symmetry family than the zonal octupole and dipole and is therefore generated by different convective modes.
Previous work has also demonstrated that a spatially variable CMB heat flux pattern can affect the zonal octupole component [Bloxham, 2000; Heimpel and Evans, 2013] .
For example, a surface spherical harmonic degree-2, order-0 (Y 
Discussion
Our study demonstrates that a stably stratified layer at the top of Earth's core may be necessary to explain the zonal octupolar component of the geomagnetic field over the past 10,000 years. It should be noted that other magnetic models such as CHAOS-4 [Olsen et al., 2014] and gufm1 [Jackson et al., 2000] have higher spatial and temporal resolutions compared to CALS10k.2 used in this study. However, those models only cover short time periods (recent decades) and therefore represent more of a snapshot of core processes making it unclear how representative they are of longer-term behavior. We wanted to compare average behavior on longer timescales and the CALS10k.2 model allowed for that. That being said, if we were instead to assume that the CHAOS-4 and gufm1 models from data over the past couple of decades was a better proxy of the average behavior of the large-scale components of the Earth's magnetic field over the past 10,000 years, then the prediction would be for an octupole-to-dipole ratio of −0.0453±0.0002 which is even further removed from the standard dynamo models without a stable layer than the data from the CALS10k.2 model. This would suggest that an even larger correction to the models would be needed (e.g. a thicker, more stable layer, or other new features in the model). We therefore feel we are making the conservative choice in this study by using the CALS10k.2 data as representative of average behavior over the past 10,000 years.
Almost all models with a 350 km thick stable layer fail to match the geomagnetic octupolar constraint. The exception is our model with weak layer stability (N/2Ω) 2 = 0.14 but this model fails to match the Earth-like χ 2 criterion. This suggests discrepancy with recent seismic claims [Tang et al., 2015; Kaneshima, 2018] unless the seismic observations are capturing a physical process that is not being considered in our modeling approach of the stably stratified layer, (in particular, since the models operate in a parameter regime far from that of Earth's core.)
The reason for the stable layer's influence on the octupolar component of the magnetic field resides in the dynamo mechanism itself. Figure 4 (a) shows that there is amplified power in velocity modes (l, m) = (3, 0) and (5, 0) due to the presence of a stable layer where models with larger layer stabilities lead to stronger amplification in these zonal flows. Dynamically as the stable layer is implemented, it forces thermal wind in the outer core (e.g. see Figure S4 (b)) to be concentrated into the deeper region of the outer core, which results in a strengthened signature in the zonal octupolar toroidal kinetic energy. However, future studies are needed to scale the modeled zonal flows to these flows in real Earth conditions. Step 1: (T Step 2: (S
Step 1 is described by an Adams-Gaunt integral which involves the octupolar zonal flow (T A recent geodynamo study investigating partially stratified regions, where convection can occur locally in a stable layer due to strong thermal influences from the CMB, also found that the octupolar field is affected by the presence of a stable layer. However, they found the g 0 3 /g 0 1 ratio increased with layer stability and always produced a positive ratio . Their results would therefore not be consistent with observa-tions, although it was not the purpose of that study to match observations. The reason for the differences between our studies is likely related to the fact that they were performed in different parameter regimes. This demonstrates that the effects we observe may be limited to the specific scenario appropriate to an Earth-like dynamo regime. Figure 2 ) suggests that further increasing the stratification in our models would not significantly affect the results. By this point, the layer is fully stratified with extremely small radial motions (see Figure S3 ). This suggests that there is no entrainment by the underlying convection into the stable region.
It is worth noting that a stably stratified layer might not be the only mechanism affecting the magnetic octupole. For example, Bloxham [2000] found that the Y 
Conclusion
Our study demonstrates that a stably stratified layer at the top of Earth's core may be necessary to explain the zonal octupolar component of the geomagnetic field over the past 10,000 years. We found that a fairly thin stable layer (60 km) needs to be relatively 2. Figure S1 to S4 3. Table S1 to S2
Numerical Model Details Fundamental equations and non-dimensionalization
In the model, the Navier-Stokes, magnetic induction, and energy equations are nondimensionalized using the same characteristic scales as in . The fundamental units are listed here for completeness of this study: the shell thickness of the dynamo region d as a length scale, τ = d 2 /η (where η is the magnetic diffusivity)
as a time scale, βd (where β is the buoyancy gradient at the outer core boundary) as a buoyancy scale and √ 2ρΩµ 0 η (where Ω is the angular velocity, ρ is the density and µ 0 is the permeability of vacuum) is the magnetic field intensity scale. The non-dimensional equations are:
where v and B are the velocity and magnetic perturbation fields. Θ is the buoyancy perturbation field from the static co-density state C 0 . The total co-density field C is therefore written as C = C 0 + Θ (further information on this variable in the next section).
Corresponding author: C. Yan, cyan10@jhu.edu Q represents the internal buoyancy sources and p is the modified pressure, J the current density and l z is the unit vector in the direction of the rotation axis. The non-dimensional parameters in the equations are the Ekman number, the modified Rayleigh number, the Prandtl number and magnetic Prandtl number which are defined by:
where ν is the kinematic viscosity, κ the buoyancy diffusivity, α the buoyancy expansion coefficient and g 0 is the gravitational acceleration.
Implementation of stratification
In our simulations, we use the buoyancy variable C, termed the "co-density", which combines the buoyancy effects from the perturbations from the core's mean state of the light-element concentration ∆χ c (not to be confused with Earth-like criterion χ 2 ) and the temperature ∆T . The non-dimensional co-density is given by
where α and α c are thermal and compositional expansion coefficients, respectively. The gradient of the co-density ∇C thus measures the buoyancy flux. In the convecting region, the reference state co-density gradient can be written
where the constants β (b) , β (i) and β (s) define the amount of the bottom, internal and nonuniform specific buoyancy sources separately. We use the same parameter values as model C1-4* of , where the bottom buoyancy constant β (b) = 9.33 and the internal buoyancy constant β (i) = −1.67, whereas the specific buoyancy source is small enough to be neglected [Davies & Gubbins, 2011] . We set a specific radius for the onset of the stably stratified layer where the reference co-density gradient in equation (9) above is replaced by a prescribed positive constant A,
that we vary to adjust the strength of the stratification. The parameter A can be related to the Brunt − Väisälä frequency N [Gills, 1982] , which is given by
where κ s is the bulk modulus. Keeping the dominant term we can relate the strength of the stratification N/2Ω to the parameter A by equation
Figure S1 Table S1 χ 2 evaluation for our models in Table 1 
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Averaged values of the g 0 3 /g 0 1 ratio with the standard deviation for our models in 
